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We construct the d dimensional "half" Schrodinger equation, which is a kind of the root of 
the Schrodinger equation, from the d + 1 dimensional free Dirac equation. The solution of the 
"half" Schrodinger equation also satisfies the usual free Schrodinger equation. We also find that the 
explicit transformation laws of the Schrodinger and the half Schrodinger fields under the Schrodinger 
symmetry transformation are derived by starting from the Klein-Gordon equation and the Dirac 
equation in d + 1 dimensions. We derive the 3 and 4 dimensional super-Schrodinger algebra from the 
superconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing two complex 
scalar and one (complex) spinor fields and the explicit transformation properties have been found. 
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^ • I. INTRODUCTION 

Motivated with the orig inal AdS/CFT correspondence non-relativistic conformal symmetry 0, HI , especially 

• for the cold atom Q has attracted some attentions as a correspondence between the gravity in the anti-de Sitter 
(AdS) background and the non-relativistic conformal field theory [7l-[T^. The non-relativistic conformal symmetry is 
the Galilean conformal symmetry containing the Galilei symmetry and conformal symmetry. 

The symmetry in the free Schrodinger equation p"3l - [l6j , called as the Schrodinger symmetry, is a kind of Galilean 
conformal symmetry. The algebra of the Schrodinger symmetry in d — 1 spacial dimensions is the subalgebra of + 1 
Q-c dimensional conformal algebra, which is the algebra of the isometry of d -I- 2 dimensional AdS space-time. Then 
^ [ the d dimensional {d — 1 spacial dimensional) free Schrodinger equation can be derived from the d -I- 1 dimensional 
Klein-Gordon equation by choosing the wave function to be an eigenstate of the momentum of a light-cone direction. 
In this paper, we define the "half" Schrodinger equation, which is a kind of the root of the Schrodinger equation, 
from the d+1 dimensional free Dirac equation^ . We find the solution of the "half" Schrodinger equation also satisfies 
the free Schrodinger equation. Since the Klein-Gordon equation and the Dirac equation have conformal symmetry, 
the explicit transformation laws of the Schrodinger and the half Schrodinger fields under the Schrodinger symmetry 
transformation can be derived. Since there are scalar field(s) corres pon ding to the Klein-Gordon field(s) and spinor 
field(s) to the Dirac field(s), we may consider the supersymmet ry [18l - t2]| . We should note that a non-relativistic 
■ supersymmetry for the vector and spinor has been considered in 2J| . Starting from the superconformal algebra in 4 
] and 5 dimensions, we derive the 3 and 4 dimensional super-Schrodinger algebra. The algebra is realized by introducing 
. two complex scalar and one (complex) spinor fields. 

II. SCHRODINGER SYMMETRY FROM THE KLEIN-GORDON AND DIRAC EQUATIONS 

X 

^ I We now show that the d dimensional free Schrodinger equation can be derived from d+1 dimensional d'Alembert 
" " " equation (massless Klein-Gordon equation) by choosing the wave function to be an eigenstate of the momentum of a 
light-cone direction. 

We denote the coordinates in d + 1 dimensional flat space-time by {x^} {fi — 0, ■ ■ ■ d) and choose the metric tensor 
by 77'^" := diag(— 1, 1, • • • ,1). We now define the light-cone coordinates by 



> 

in 
00 



x^ := ^ix° ± x'^) . (1) 
V2 



The Schrodinger symmetry for the spinor field has been investigated in ]17] . 
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Then in terms of the hght-cone coordinates, the metric tensor has the foUowing form: 



V 



-1 



V 



(2) 



Now /X, v 



■ d — 1. Then, for example, we have 
1 



1 / 



-x^ and 



P± 
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{po ±Pd), p 
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Now the relativistic energy-momentum relationship for the massless particle p'^p^ 
rewritten if we write 

p+=M, P-^E, 



-2p+p. 



(3) 

can be 

(4) 



as 



(5) 



which is nothing but the expression of the kinetic energy for the non-relativistic particle with mass in d dimensional 
space {d + 1 space-time dimensions) . 

Eq. ([S]) may suggest that the massless Klein-Gordon equation could be rewritten as the free Schrodinger equation. 
By using the light-cone coordinates, the Klein-Gordon equation has the following form: 



0. 



(6) 



We now choose cj) to be an eigenstate of 9+ as d+cj) = —iAitf) and we regard a light-cone coordinate x as a "time"- 
coordinate x^ = t. Then the Klein-Gordon equation ([5]) can be rewritten as the free Schrodinger equation: 



idt4> 



1 



Since we assume (j> to be an eigenstate of 9+ , (j) has the following form: 



c-'^''^4>{x-,x'). 



(7) 



(8) 



Later we consider the conformal transformation of the Schrodinger field 0, where the transformation of can be 
interpreted as a phase of (j). 

The free massless Dirac field also satisfies the Klein-Gordon equation. Then by rewriting the Dirac equation by 
choosing the Dirac field tp to be an eigenstate of d+ as d+tp = —i^Aip and regarding light-cone coordinate x~ as 
a "time" -coordinate x~ = t, we obtain the Schrodinger version of the Dirac equation. We now use the following 
convention for the 7 matrices: 



-7t 



Then we obtain 



{7+,7-} = -2, {7*,f}=0 (z = l,2,... , (7+r = (7-r = 



(9) 



(10) 



Then by choosing the Dirac field to be an eigenstate of d+ as d+i/j = —iAiip, the Dirac equation has the following 
form: 



(11) 
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which tells ^ satisfies the Schrodinger equation: 

{2iMdt + d,d,)^ = . (12) 

Then Eq. (ITT]) is the Schrodinger version of the Dirac equation, which we call the "half Schrodinger equation" . 

The d-dimensional Schrodinger algebra is given as a subalgebra of the d+1 dimensional conformal algebra SO{d + 
1,2), which is given by 

[M^^, Mp^] = i{rif^aM^p - ij^pM^a- - Vi^aMpp + ij^pMp^) , 

[M^^, Pp] = i{ri^pPp - Vi-ipPi') , [M^;,, Kp] = i{ri„pKf_, - rj^pK^) , 

[D, P^] = -iPp , [D, Kp] = iKp , [Kp, P,] = ~2i{7]p,D + M^,) . (13) 

Here Mp^, generates the Lorentz boost and the rotation and Pp generates the translation. Furthermore the operator 
D generates the dilatation 

^ e^^a;'' , (14) 
and Kp generates the special conformal transformation given by 

^ 1 ^ ^ . (15) 

1 - 2cfXp + c^x^ ^ ' 

The d— 1 dimensional Schrodinger algebra sc[)((i— 1) is the subalgebra of the conformal algebra which does not change 
the eigenvalue M. of P+, that is, the algebra given by the generators commuting with P+. 

[Jij, Jfe;] — i{6iiJjk — SikJji — SjiJik + SjkJii) , 
[J,,,H]^0, [J,j,E]^0, [J,j,F]^0, 

[P„P,]-0, [P„i/]=0, [P„P]=^P,, [P„P]=0, [Jrj,Pk]=i{SjkP,-6,kPj), 

[G„G,]=0, [G„P-]=^P, [G„P]=^G,, [G,;,P]==0, [Jy, Gfc] = i((5,feG. - J.^G,) , 

[Pi,Gj] = iMS^j , [E, H] = -2iH , [P, F] = 2iF , [P, H] = iE . (16) 



Here 



P = P- , P^^P^, P+^M, J., = M,, , G,^M+,, E^D + Af_+ , P = -K+ . (17) 



The generators H, Pj, J^-, G^, E, and P generate the translation of time, the translation of the spacial coordinates, 
the spacial rotation, the Galilei boost, the dilatation, and the special conformal transformation, which are explicitly 
given as the following transformation of the coordinates: 

H : t ^ t + a, Pi : Xi ~> Xi + bi , Jij : Xi -> RijXj {Rij £ SO {d ~ 1)) , d : Xi Xi + Vit , 

E : t X^t and Xi ^ Xxi F : t ^ — - — t and x.: — - — Xi . (18) 

1 + ft 1 + ft ^ ' 

In (|16p . since M can be regarded as a c number, the commutator of P; and Gj becomes a central extension. In fact, 
this algebra is one of the central extended of the Galilean conformal algebra which is constructed by nonrelativistic 
limit (c — >■ oo) of conformal algebra. 22] 

As well known, the Klein-Gordon equation ^ and the Dirac equation are invariant under the conformal trans- 
formation and therefore the Schrodinger equation (O and the half Schrodinger equation pT|) is invariant under the 
Schrodinger transformation. The invariance of the Klein-Gordon and the Dirac equations and the transformation law 
of the Klein-Gordon and the Dirac fields in general D dimensions are explicitly given in the appendices. 



III. SUPER-SCHRODINGER SYMMETRY FROM SUPERCONFORMAL SYMMETRY 

Since we have found that both of the Klein-Gordon equation and the Dirac equation have the Schrodinger sym- 
metry and found the explicit transformation laws of the Klein-Gordon and the Dirac fields, we now like to find the 
transformation connecting the Klein-Gordon field(s) and the Dirac field(s), which is the super-Schrodinger symmetry 
transformation. 

The supersymmetric extension of the conformal symmetry is known as the superconformal symmetry. In this 
section, for simplicity, we construct (2 -I- 1) and (3 -I- 1) dimensional super-Schrodinger algebra starting with the 
D = 4, Af = 1 and D = 5, Af = 2 superconformal algebra. 



A. Construction of (2 + 1) dimensional super-Schrodinger algebra form the reduction of D — 4, Af = 1 

superconformal algebra 

D = 4:, Af = 1 Superconformal algebraf23j, which is given by, in addition to the conformal algebra 50(4, 2) (|13p . 

[Qa, Mfj_^] = i{T,^^Q)ci , [Sa, Mfj^^] — i {Y]fj^i,S)^ , [Qai D] — —iQ^ , [S^, D] — ——iS^ , 
[Qc,,K,] = -t{j^S)c., [Sc,,P,]^iM)^, [Qa,A]^-^{j'Q)^, [Sc,,A]^^{j'S)^. (19) 
In order to obtain the closed algebra, we define projection operators V and V as follows 

V:^-^-f-j+, V:=-]p+^', (20) 

which satisfy the following equations: 

V+V = -^{7^,7+} = 1 , = ^7^7+7^7+ = -^7^7+ = V , 

Vj^ =-f^V = , 7+75 = ^7^=7+, 7^7+ = 7+"^ = 7^'P = :P7" = , 

V'P = -^V^'P^ = -^'77^7" , ^ -^'^ := -^7"^7" , 

^7^7' = (a = -,l,...,d-l), ^7+75 = 7+. (21) 

If we define 



Ta ■= VapSp , Ta := SpV/Ba = VapSp , (22) 



we obtain 



(7+T)„ = (f7-)„ = 0. (23) 
Then a closed algebra, which we call the super-Schrodinger algebra, is given by 

{Qa,Qp} = -l^l-pH - \i^lpP. - \iltpM , {T„, T>} = ii+pF , 

{Qa,Tf}} = ^i(7~7+)a/^£^- ii(i;y7~7^)a/3J*j + ]^i{l^li)apGi - ^(7^7~7"^)a/J^, 

[Qa,Jij\=i{^ijQ)a: [T^, Jij] = ^(SijT)^ , [Qa, Gj] = - ^i(7~7iQ)a , [Ta,Gi]=Q, 

[Ta,F]^0, [Q,,^^] = i*(7-T)„, [Q„,A] =-^(75Q)„, [T^, A] ^ ^{j'T)^ . (24) 
We now consider the following Lagrangian 

£ = i^rd^^p - i ^ a^^ra^c/-. . (25) 

The Lagrangian is invariant under the following superconformal transformation: 

<5q</>i = , '5q02 = -i^(eY^) , = l(^7'^t + i^'d^ + M7+)(^<^i - 75^02) , 

i5t<^i = -■^i{vV{t-/^ - x^'yi)^) , 5t<?!'2 = ^«(^'P7^(i7^ - a:i7i)'/') , 



1 
2 

1 „ , „ , 1 „ , „ , 1 



5t^ = 7T*[(2iat + xA + 2) + 7+7'(i5« - iMx,) - ^.,,{x,dj - x,d,)]{c^i + j^2)Vv , 



^0h, <5a02 = ^^0i, <5a^ = -^^7'^. (26) 



Here the ^, rj and 9 are parameters of the transformation. The transformation (|26p is closed on shelL 

As we are considering the field theory in 4 dimensions, we may define 7^ and the chiral projection operators Vl b. 

by 

7':=»7V7V, Vl:^1{1-i') , T'a ^ (l + 7') • (27) 
We also define the left and right parts for the Dirac field and also the scalar field by 

-ipL ■= 'Pl'4' , ll^R ■= VRtp , (t>L ■■= (pi- (j)2, 4>R 4'l+4>2- (28) 

Then the transformation laws (1261) can be rewritten as 



hR^L = ^{ij-dt + + M-i+)Vr^H , Sq^^r = \{il-dt + + Mj+)VL^(j)R , 

Sr^i^L = ^i[{2tdt + X.A + 2) + ^+J^{t^^ - iMx^) - T.,j{x,dj - Xjdi)]VVLV<I^L , 
^Tn^R = \i[{'^tdt + xA + 2) + ^+f{td, ~ iMx,) - E,j(x,9, - Xjdi)]VVR'n(t>R , 
Sa<Pl ^ ~d(l)R, 5j^(t)B, = 9(t)L, S^tpL ^ ^dipL , S^iIjr^ -^Oi/jR. (29) 

Here A :— 2A. Except the transformation generated by A, the transformations are closed on the left and right parts, 
respectively. 

B. Construction of (3 + 1) dimensional super-Schrodinger algebra from the reduction of D — 5, ^/ = 2 

superconformal algebra 



D = b, N — 2 Superconformal algebra 2^ 2^ is given by, 



[Qaq, A'^A"/] = j(SpyQA)a , [SAa^M^i,] — i{Y.^i,SA)a , [Q Aa, D] ^ -iQ Aa , [S Aa^ D] — — -iS Aa , 
[QAa,K^] ^ -i{jfj.SA)a , [SAa,PtJ.] = i{ltiQA)a , 

3 3 

[Qac, Rbc] = -^{SAnQka + SAcQja) , [Saci, Rbc] ~ -^{^ABSka + ^AcSja) , 
3 

[Rab,Rcd] = -^{^acRbd + sbdRac + ^adRbc + sbcRad) (30) 

and conformal algebra SO {5, 2) (fT^ . 

Here fermionic generators with extra indices, A,B,C... = 1,2 , is SU{2) Majorana spinors and Rab — Rba is 
SU{2) R-symmetry generators. These indices are raised and lowered with totally antisymmetric tensor eab and e^^ 
(£12 = e^^ = 1), as 

C^:=£^^Cb, Ca-.^C^'sba, (31) 
and SU (2) R invariant inner product is defined by contraction of raised and lowered indices, 

C^C2A = e^^C,BC2A = SABC'^e"" ■ (32) 

In the same way as in the (2 + 1) dimensional case (P^ . we reduce this algebra using by projection operators (|20l) . 
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such as 



{QacQ^} = -hs^[l~0H + ^i„pPi + ^+pM] , {SAa,f^} = iS^l^isF, 



2 

{QAajTa} = -5^ 



-^(7-7+)«/3i?I, 



[QAa,Jij] = i{'^ijQA)a , [Tau, Jij] = 'i{'^ijTA)a , [<3aq, Gj] = --^(7 7jQA)a , 

[TAa,Gi]=0, [QAa,E] = -^'l(j^'-f+QA)a , [Tac, E] = -iTAa , [Tau, H] = -i{'-f^ Q A)a , 
[TAa,Pi] = -lih+-f~-nQA)a, [Tac, F] = , [QAa, F] = ^i{-f-TA)a , 

3 3 

[Qao, Rbc] = -^{s^AsQca + £AC<3bc<) , [^Aa, Rbc] = -^{s^AbTcci + ^AcTbo) , 
3 

[Rab, Rcd] = -^{sacRbd + sbdRac + £adRbc + £bcRad) ■ (33) 
Thus, the on-shell transformation of hypermultiplet including two scalar fields (j)^ and one spinor field V'a is 

5tiP = -i[{2tdt + Xidi + 3) + ^^^i{tdi - iMxi) - Eij{xidj - Xjdi)]'PriA<l>'^ , 

'5ii0^ = -^^B^'', SRi^ = 0. (34) 

Here the SU{2) Majorana spinor ^"^^rj^ and 2x2 (anti-)Hcrmitian tracclcss matrix 9\ arc parameters of the 
transformation. In contrast to the 3 dimensional algebra (except the transformation generated by A), because of 
R-symmetry invariance of spinor field if), the transformations of two scalar fields (j)^ are not closed. 

IV. SUMMARY 

In this paper, we have found the "half" Schrodinger equation, which is a kind of the root of the Schrodinger 
equation, from the d + 1 dimensional free Dirac equation. Starting from the Klein-Gordon equation and the Dirac 
equation in £?+ 1 dimensions, the explicit transformation laws of the Schrodinger and the half Schrodinger fields under 
the Schrodinger symmetry transformation have been derived. We have also obtained the 3 and 4 dimensional super- 
Schrodinger algebra from the supcrconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing 
two complex scalar and one (complex) spinor fields and the explicit transformation properties have been found. It 
could be interesting to find any system which has this kind of supersymmctry. 
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Appendix A: Conformal transformations of scalar and spinor fields 

1. Scalar 

Here we review on the conformal symmetry in D dimensional space-time and show the invariance of the Klein- 
Gordon equation and the transformation law of the Klein-Gordon field under the conformal transformation. 
We consider the coordinate transformation: 

x'' = r{x^). (Al) 
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Under the coordinate transformation, the flat metric in D dimensions 

ds^ = Tjf.^dx^'dx" , (A2) 

is changed as 

d'"='J^^^^'^^'^^^- (A3) 
When the transformed metric is proportional to ry^i, 

"'""95^95^"^ ("""^ '^'^^ ' ^^^^ 

the transformation (jA4p is called conformal transformation. Here C (i'^) is a function of the coordinate and determined 
by multiplying Eq. (jA4|) with rf'^ as 

Then substituting (|A5p into (|A4p . we obtain 

We call f^{x'^) satisfying ()A6P as the conformal Killing vector. We now define a matrix M^\, by 

- , (A7) 



77^.m';a/'; = ^.^p^r^in^^M^^^M'^p . (as) 



Eq. (jA6P can be rewritten as 



By regarding the quantity in (|A8[) as a matrix with indexes p and cr and considering the determinant, we obtain 

r^'^^f^^.M^^M^p = DMi . (A9) 

Here M is the determinant of M'"^: M = detAf^. 

We now consider the coordinate transformation (|A1[) for the massless scalar field 4): 

S=^Jd''xr)f'''d^4d,(l). (AlO) 

Then we obtain 

S^IJ d^iMr^^^ (Af-i); (Af-i);a, (m^0) 5. (a/^,^) . (All) 

Here </> is defined by 

4)^M^(t>. (A12) 
By using (IA8|) and (jA9p . we can rewrite the action (IA11[) as 

(A13) 

By using the partial integration, we can further rewriting (jAlSp as 

S=\jd^i [v^'d.-^d.^ - (- [D 1) ^^''d.d^C - (^-2H^-l) ^.^a^^a^^^ I . (A14) 
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Here C is defined by 

C=-^lnM. (A15) 
Then Eqs. (jASp . (IA6|) . and (IA7|) tell that the metric tensor g^^ is given by 

g^iu = e'^ri^.u ■ (A16) 
For the metric (|A16[) . the scalar curvature R is given by 



R=(^-{D-l) rrd^d.C - ^^^^ ^\ '^''d,Cd,C^ e« . (A17) 

Since the metric (jA16P is obtained from the flat metric (jA2p . where the scalar curvature vanishes, the scalar curvature 
(|A17p also vanishes. Then the second term in (|A14I) vanishes and we find 

S=^ j d°xri^^''d^<jyd,d^ = i j d°xird^^dj, (A18) 

that is, the action (jAlOp of massless free scalar is invariant under the coordinate transformation (lAip and (jA12l) where 
is the conformal Killing vector satisfying (jA6l) . 

2. Spinor 

Here show the invariance of the Dirac equation and the transformation law of the Dirac field, that is, spinor field, 
under the conformal transformation. 

In order to investigate the conformal transformation in the spinor field, we consider the infinitesimal transformation 

a;^ = £^ + 5x^' . (A19) 

Then by defining. 



m 



M — 



we can rewrite the condition ()A8p for the conformal transformation as 



(A20) 



The action of the Dirac fermion is given by 



^ {m^^ + niy^) = ■^■q^^m , m = m>^^ . (A21) 



S = i d"x^PJ^'^^l|; . (A22) 



We now consider the following infinitesimal transformation: 



which gives 



i^=[l-^ + lm^''^,,]^, (A23) 



V'= (l-^-im^'-SM^)^, (A24) 



Then wc find 



S = i j d°x[ ^^7^5^^ - m\i>-i^'^,iJ - m^^7^9^7/. - ^^^h^i^d^^m + '^'4>Y^^.v^^pm^''' ) . (A25) 
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Since 



we find 



d"xil-m)^d°x, = J-^^-m"^-^, (A26) 

ax,, ax,, '^ox„ 



S = i j d^'i l^rdt^i^ - ^^i'Y'^'d^rn + ^^PY^i.ui'dpm''''^ . (A27) 

In case of rotation (including the Lorentz transformation) , translation, and dilatation, m^'^ is a constant or vanishes 
and therefore — dpm^^'^ , which tells that the action (|A22p is invariant under the rotation (including the Lorentz 
transformation), translation, and dilatation. In case of the special conformal transformation with a infinitesimal 
parameter c'^, 

5x = {if - 2i^xPcp , (A28) 

we find 

d^m = -2Dcp , Y^p.dpm^-' ^ -2 {D - 1) c^Y , (A29) 



and therefore the second and the third te7rms in (|A25|1 cancel with each other and the action (|A22p is invariant under 
the special conformal transformation (jA26p . 
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